Self-assembly of granular particles is of great interest in both applied and basic research. It is commonly observed that when randomly packed into a container, granular particles form disordered structures like glass. As the particles are athermal, the self-assembly of such packings can normally be directed with energy input via vibration or shear. However, here we show that in particular containers, mono-sized spheres and cubes can self-assemble into perfect crystals when randomly dropped in. This is because the favourable microstates for new particles are jammed in the ordered structure by the existing particles and the boundary synergistically. Such a self-assembly method has not been reported in the literature. It indicates that disordered packing structure may result from the conflict between the internal structure and the structure shaped by the boundary. Therefore, to bridge such inconsistency could be a general principle for directing self-assembly for different kinds of particles in emerging areas.
granular particles are athermal. The energy input via vibration or shear can agitate particles to rearrange into ordered structures to certain extent. But how to control such process remains unclear 8, 18, 29 , like recently it has been found that different motions of boundary could have different effects on such self-assembly 14, 30 . Nevertheless, if there are no pre-set template particles [31] [32] [33] in a container, none has observed that particles can "self" assemble when randomly packed into the container.
Here we show an exception in Fig. 1 . In an inverted tetrahedron, which is a half-squarepyramid (HSP), if mono-sized spheres are randomly dropped one by one or at a small feed rate, they automatically form a single FCC crystal. No energy input or any other interventions like template particles are needed. We did experiments with ping-pong balls, tennis balls and steel ball bearings. The movies can be found in the Appendix. We also used first principles simulations to confirm that this self-assembly happens for mono-sized spheres of different material properties. In the simulations, particles were fed batch by batch from the top of the container with their horizontal positions randomized. The number of particles per batch is denoted as N B and the interval time between two batches is denoted as T B . Perfect crystal was generated by using N B =1 and T B = 0.5 secs, while if N B >1, some point defects could be identified and their percentage increased with increasing N B . But the defects were less than 0.2% for N B =5 in all our simulated cases. We even can mix spherical particles with different material properties but of the same size to achieve such self-assembly. More details can be found in the Appendix.
FIG. 1. Mono-sized spheres self-assemble into a perfect FCC when randomly dropped into an inverted half-square-pyramid tetrahedron at a small feed rate, where AB=BC=AM=BM=CM and = √2 . ABC is perpendicular to the gravitational direction. Particles are 5mm steel balls. In the simulated packing, the FCC particles identified by Ovito 34 are coloured green.
It should be noted that there are previous studies using different shaped containers or Random-Sequential-Addition (RSA) to form packings, which sometimes can generate ordered packings 24 , but none has observed a perfect crystal packing like here with particles just randomly dropped in. There are also studies using a template at the bottom of a container to help form ordered packings for granular particles 32 and colloidal particles 33 , but such templates only work for particles with the same size as the template particles, and the formed crystals would be affected by boundary. Here in the HSP tetrahedron, we do not need to put template particles and this container works for different sized particles. Moreover, the ordered structure is actually maintained by the boundary, which will be discussed in detail later. The self-assembly here is either not exactly the same as those found in the Molecular Dynamics (MD) simulated hard sphere systems with the Lennard-Jones (LJ) potential [35] [36] [37] . As the MD simulated crystallization is still driven by thermal energy and the LJ potential incurs non-contact interactions between particles, whereas granular spheres are athermal and only present compulsive force when contacted. Nonetheless, even in the LJ simulated hard sphere systems, there are no studies showing such perfect crystallization.
Why here the randomly packed spheres form a crystal rather than the commonly seen disordered packings 17 ? The reason may be more interesting to tell from the process of finding this container. At first, we noticed that boundary has a significant effect on directing ordered structures locally when a packing is vibrated or sheared 24, 27, 30 . Different shaped containers were used to promote the self-assembly of uniform spheres 24, 27, 30 . However, in these containers the ordered structures formed from different faces or along different edges may have conflicts in the crystal orientations 30 . We try to design containers that can eliminate such conflicts. Considering a basic container, an inverted tetrahedron corner shown in Fig. 2c , we design the container shape to coordinate ordered structures from low dimension (boundary) to high dimension (system) according to the following steps:
 Particles along an edge should be the 1D JO (Jammed and Ordered) structure, denoted as JO1, in which each particle is contacting with two particles, as shown in Fig. 2a . Note a small gap can be between the edge and the particles as the edge is a part of the tetrahedron.  Particles on a face should be the 2D JO structure, denoted as JO2. In 2D, the possible JO structures are hexagonal or cubic structures. Therefore, three possible plane angles that can promote the JO2 structures are listed in Fig. 2b , denoted as T1, T2 and T3 respectively. Note particles form the JO1 structure along the edges.  Since FCC or HCP are the expected 3D structures 19 and FCC is more stable than HCP 38, 39 , we consider only FCC here. We want the JO1 structures along edges and JO2 structures on faces. Therefore, the three faces of the corner can be selected from T1 to T3 in Fig. 2b . Noticing that the plane angles for T1, T2 and T3 are given, the dihedral angle between two faces can be calculated using these angles. On the other hand, the cubic or hexagonal JO2 structures indicate that they have to be certain crystal faces in a FCC, so the dihedral angle can also be calculated by the face normal vectors. These two calculated angles should agree with each other.
For example, in Fig. 2c FIG. 2. Design a container to promote ordered structures coordinated between the boundary and particles: (a), In 1D, particles compacted along an edge form JO1 structure. (b), In 2D, particles form hexagonal or cubic JO2 structures; three possible plane angles to accommodate both JO1 and JO2 structures are listed as T1, T2 and T3. (c), An inverted tetrahedron to facilitate self-assembly in 3D, the three faces are selected from T1 to T3 in (b).
By applying this rule, we have constructed a series of inverted tetrahedrons, as listed in Table 1 , where the first one is the HSP tetrahedron shown in Fig. 1 . All of them are very effective in forming a single FCC crystal with simultaneous feeding and vibration, which is a method for self-assembly under vibration introduced in previous studies 26 . However, in previous studies the containers have not been designed to resolve the conflicts of crystal orientations from different boundaries, so a perfect single FCC crystal is difficult to obtain. (2 ), where A=0.2d and f=30Hz. Particles were fed at N B = 10 and T B =0.05s.
No
Vertexes and Faces (see Fig.2 , a is an arbitrary real)
Packing obtained under vibration Horizontal layer Here we focus on the self-assembly without vibration in the HSP tetrahedron. Facilitated by the simulation, we find that the mechanism is hidden at microscopic scale: in this container, a new particle only finds the crystal lattice node positions to be stable. As shown in Fig. 3a and Fig. 3b-1 , if the already existing packing consisting of green particles is FCC, the potential (gravitational) energy for a new particle on the top of the bed clearly demonstrates that the local minimum energy points all coincide with the lattice nodes, even at the boundary. Note here the packing is under gravity, so a particle is locally jammed when it is stably supported by the underneath particles and the boundary. For the three white particles in Fig. 3a , particle A is jammed along an edge and particle B jammed on a face, while particle C is jammed only by other particles. Importantly, their jamming positions are in different nodes of the same crystal lattice, so they will not have any conflicts. This complies with our design on the edges and faces. Moreover, the addition of a new particle will keep maintaining the ordered structure by still creating new stable positions only at lattice nodes of the existing crystal, as can be seen from Fig. 3b-2 . It is interesting to note that, gravity, which normally jams the particles to be disordered, in this packing protocol, jams them to be ordered. Compared to the template-induced ordered packings in ref 31 and crystallization of colloidal particles in ref 33 , here the container shape plays a critical role. In previous studies, although the template particles played a similar role in directing self-assembly by creating local jamming positions at crystal lattice nodes, the boundary effect was always tried to be avoided, and the crystal was formed in the centre region. For example, Andreea and Arshad 33 observed that disorder nucleated from boundary. But here, the boundary is essentially helping self-assembly, as discussed above. Moreover, if the boundary shape changes, a new particle may find a stable place near the boundary which is not at a crystal lattice node, then disorder emerges from the boundary and gradually affects the whole system. An example is shown in Fig. 3c .
In addition, the HSP tetrahedron has a unique advantage for such crystallization than other containers in Table 1 , as the horizontal layers of the FCC packing in it are {100} faces, one of the JO2 structures, which are robust in jamming new particles in the FCC lattice nodes. The advantage of the growth of a FCC crystal along {100} faces has also been pointed out in previous studies 32, 33 . In other tetrahedrons, as shown in Table 1 , the horizontal layers of the FCC packings are mostly not JO2 structures, and hence the particles may not be jammed at lattice nodes when randomly fed. Even when the horizontal layers are {111} faces (the second one in Table 1 ), a new particle can be jammed at either HCP or FCC lattice nodes, which leads to the bifurcation of the system. Therefore, only the HSP tetrahedron can direct self-assembly without vibration while self-assembly in other tetrahedrons needs vibration.
Based on the above discussion, if we assume that the self-assembly in the HSP tetrahedron can be decomposed into independent individual processes of each new particle finding a lattice node, the whole self-assembly process can be described by a Markov chain network in the state space. We define the ordered packing states in the HSP tetrahedron as the 3D JO states (denoted as JO3) and identify them in all possible packing states. In Fig. 4 , the potential energy E g as a function of the particle number N is schematically plotted. The maximum E g can be obtained when the particles are packed along an edge of the HSP tetrahedron, while the minimum E g can be obtained when the particles form the FCC crystal with a smooth surface 19 . With a given N, all possible packings including those disordered ones should be continuously distributed on the vertical line of N between the upper and lower boundaries (the detailed calculations of boundaries can be found in the Appendix). However, the JO3 states can only be some discrete points with split energy levels. Moreover, with a new particle added (N to N +1), a JO3(N) state can only jump to the nearby JO3(N + 1) states on the N + 1 line. Then we have: ∑ [ JO3( + 1)| JO3( )] = 1, where P i is the probability for a transition from a JO3(N) to a JO3(N + 1) and the summation is over all possible transitions. This demonstrates that the growth path of the JO3 states forms a strict Markov chain network that jams the whole system ordered. Interestingly, this protocol also works for the self-assembly of cubes. Different methods were used in the literature to direct self-assembly of cubic particles 12, 14, 40 , but all need a kind of energy input. Following the similar idea for the self-assembly of spheres discussed above, in an inverted tetrahedron with three right angles, we observed that the randomly dropped cubic dices can self-assemble into a crystal when randomly fed at a small feed rate, as shown in Fig. 5 , no matter who throws the dices. The mechanism is also similar to that of spheres, as each cube will be attracted to a crystal lattice node due to the local minimum potential energy there, and the ordered structure formed in the central region aligns with those formed at the face and edge boundaries, so the self-assembly follows a similar Markov chain network. Note in the experiments, we observed some cubic particles in the outermost layer may not settle at an ordered position first, but with the collision from the further added particles these defective particles would be changed to ordered. This also happens in the self-assembly of spheres occasionally. Therefore, the particles are not fully athermal, as each new particle will bring a small bit of energy to the system which can direct the new particle to be ordered and may also heal local defects. In this regard, this kind of self-assembly is near ground state. The crystallization of randomly packed mono-sized spheres and cubes sheds new light on the self-assembly of particles and deserves further studies. Firstly, they are rather different from the random packings normally seen. It is argued that the random packing structure results from collective jamming. Yet here using RSA, collective jamming is prevented, but whether disordered or ordered structures will be formed is dominated by the container shape. This shows that disorder will also result from the conflict between the boundary and the internal structure. Secondly, the self-assembly process manifests the geometrical effect on the crystal structural dynamics found in different systems [41] [42] [43] , especially the local jamming effect, which can help understand the self-assembly of the systems far from equilibrium and near ground state. Finally, the study reveals a general idea for directing self-assembly for macroscopic elements: to consider the synergistic effect of boundary and elements. As lacking "thermodynamics" means, self-assembly of these systems needs to be directed with bottom-up methods. Previous studies focused on tailoring the interactions between elements 1, 3, 44 , whereas more recent studies suggested the control through boundaries 27, 45, 46 . Our study shows the two aspects should be considered synergistically to coordinate the order formed at boundaries and between elements. Here such coordination can critically transform a packing of mono-sized spheres from glass to crystal. This should be a general principle to be considered in directing self-assembly though how to achieve it can be different in other systems.
(a) (b) A1. (a) , The tetrahedron container used in experiments; and (b), the dimensions of the container ( =450mm).
Numerical simulations
The packing of mono-sized spheres in the HSP tetrahedron was also simulated by the discrete element method (DEM). Based on first principles, DEM can accurately predict behaviours of granular materials, which has been widely shown in the literature. The details of the model can be found in our recent studies 30, 47 . The parameters used in the simulation are listed in Table A1 , which have also been validated in previous studies 30, 47 . Particles were fed batch by batch from the top of the container with their horizontal positions randomized. The number of particles per batch is denoted as N B and the interval time between two batches is denoted as T B . The feed rate can be given by N r = N B / T B . With the increase of T B , the feeding changes from continuous to batch-by-batch. For the final packing, the local structure around each particle was analysed by the adaptive Common-Neighbour Analysis (a-CNA) method using the Ovito software 34 . Using this method, the particles as the centres of the local FCC clusters are coloured green and those in the clusters but not at the centres are coloured light green in Fig. A2a 30 . This method, however, is not applicable to particles along some container edges or in the incomplete top layers, as can be seen in Fig. A2a. Fig. A2b shows the fraction of the FCC particles to the total particles in the packing as a function of packing height, in which the particles contacting with the boundary are discarded. It can be seen that the FCC particles are always 100%. Comparing Fig. 1 and Fig. A2a , one can also notice that the particles on the AMB and AMC walls conform to {111} and {100} faces in the FCC crystal respectively, which is in accordance with our design. 
Rigorous proof of FCC
As shown in previous studies 30, 47 , the a-CNA method may identify the ordered local structures with a small distortion. To more rigorously check the structure, the packing was further characterized with the following two methods:
1. Packing efficiency compared to the ideal FCC packing. Though the packing fraction for the perfect FCC is √ ≈ 0.740, here we need to consider the effect of the boundary. For an ideal FCC packing in the inverted HSP tetrahedron, as schematically shown in Fig. A3a , particles are piled vertically in horizontal layers of square structures. It is not difficult to obtain the ideal FCC packing structure as follows.
The particle number in the horizontal layer, denoted as , can be given by,
Therefore the total number of particles, N, from layer 1 to is given by, With the bottom of the inverted HSP tetrahedron at z = 0, the height of the particle centres in layer is given by,
where √ is the height of the first layer, and √ is the height of other layers (Fig. A3a ).
If counted from the top surface of the particles the height will be: ( ) = ( ) + . The volume of this container with a height ℎ is (ℎ) = . So the ideal packing fraction as a function of is given by,
where is the volume of a single particle. Note that lim →∞ ( ) = √ , which matches the packing fraction of the FCC unit cell. We then define the packing efficiency as:
where ( ) is the packing fraction obtained in the real packing with the height to ( ). In Fig. A3b , is plotted as a function of n for the simulated packing, it can be seen that is literally 100%, except when the packing includes incomplete top layers. the particles at the centre which are not contacting with the boundary or in the incomplete top layers, their local packing fractions were measured in the range of 0.740±0.005.
Reproducibility of the self-assembly
As shown in the experiments, this self-assembly can be achieved with different particles and at a small feed rate. Here we have also conducted simulations with different N B and repeated 9 simulations using different random seeds for each N B to test the reproducibility. Note 3000 particles were used for these simulations to save computational effort. With N B = 1, we always obtain a perfect crystal. With N B > 1, we can identify several empty lattice nodes without particles, as shown in Fig. A4a . They are rare point defects in the crystal. Fig. A4b shows the defect percentage calculated as the number of void nodes divided by the particle number. The defect percentage increased with increasing N B, whereas the percentage was less than 0.1% when N B =5. We observed a sharp increase of defect percentage for N B >20. Moreover, we changed material properties in the simulation but can always obtain nearly perfect FCC packings, as shown in Fig. A5 . Here we used N B = 5 and T B = 0.5 secs (e.g., https://drive.google.com/open?id=1EBISx5PpEPYhN6lXCMFHz813uA8ZLZs8). For all these packings, we identified less than 0.2% defects. 
Energy analysis for packings in the inverted HSP tetrahedron
In the inverted HSP tetrahedron, the maximum and minimum gravitational energy for all possible packing states with a given particle number can be calculated. In order not to lose generality, we define the dimensionless gravitational energy as:
where is the th particle's height. The maximum is for packings with particles just packed along an edge of the container in the JO1 structure, so the particle number equals to the layer number . Then we have,
The minimum , on the other hand, is for the ideal FCC packing with a smooth top layer or only the topmost layer is incomplete. For the former case, Eq. (2) gives ( ) = ( )( )( ) , and can be given by:
If is between the values of the ideal packings with layers and +1 layers, i.e., ( ) < < ( + 1), can be given by:
Eq. (7) gives the upper boundary and Eqs. (8) & (9) the lower boundary in Fig. 4 .
